MALLA REDDY COLLEGE OF ENGINEERING AND TECHNOLOGY DEPT. OF EEE

TRANSFER FUNCTION REPRESENTATION
Block Diagrams

Block diagrams consist of a single block or a combination of blocks. These are used to
represent the control systems in pictorial form.

Basic Elements of Block Diagram

The basic elements of a block diagram are a block, the summing point and the take-off point.

Let us consider the block diagram of a closed loop control system as shown in the following
figure to identify these elements.

Summing point

N

C
R(s) + &) T (sz

Take-off point

H(s) [«

The above block diagram consists of two blocks having transfer functions G(s) and H(s). It is
also having one summing point and one take-off point. Arrows indicate the direction of the
flow of signals. Let us now discuss these elements one by one.

Block

The transfer function of a component is represented by a block. Block has single input and
single output.

The following figure shows a block having input X(s), output Y(s) and the transfer function
G(s).
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Y
X, 6(s) Sl

Transfer Function, G(s) =

Summing Point

The summing point is represented with a circle having cross (X) inside it. It has two or more
inputs and single output. It produces the algebraic sum of the inputs. It also performs the
summation or subtraction or combination of summation and subtraction of the inputs based
on the polarity of the inputs. Let us see these three operations one by one.

The following figure shows the summing point with two inputs (A, B) and one output (Y).

Here, the inputs A and B have a positive sign. So, the summing point produces the output, Y
assumof AandBi.e.=A+B.

B

The following figure shows the summing point with two inputs (A, B) and one output (Y).
Here, the inputs A and B are having opposite signs, i.e., A is having positive sign and B is

having negative sign. So, the summing point produces the output Y as the difference of A
andBi.e

Y=A+(-B)=A-B.
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The following figure shows the summing point with three inputs (A, B, C) and one output (Y).

Here, the inputs A and B are having positive signs and C is having a negative sign. So, the
summing point produces the output Y as

Y=A+B+(-C)=A+B-C.

Take-off Point

The take-off point is a point from which the same input signal can be passed through more
than one branch. That means with the help of take-off point, we can apply the same input

to one or more blocks, summing points.In the following figure, the take-off point is used to
connect the same input, R(s) to two more blocks.

Take-off point
m‘. T e Cals)
o s =
C.(s)
— ¥ G.(s) =
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In the following figure, the take-off point is used to connect the output C(s), as one of the

inputs to the summing point.

Take-off point

R(s) + G(s) T C(sz

Block diagram algebra is nothing but the algebra involved with the basic elements of the
block diagram. This algebra deals with the pictorial representation of algebraic equations.
Basic Connections for Blocks

There are three basic types of connections between two blocks.

Series Connection

Series connection is also called cascade connection. In the following figure, two blocks

having transfer functions G1(s)G1(s) and G2(s)G2(s) are connected in series.

X(s) Z(s) Y(s)
> Gy(s) [ Gi(s) pP—»

For this combination, we will get the cutput ¥(s) as
Y(s) = Ga(s)Z(s)
Where, Z(s) = G1(s)X(s)
= Y(s) = Ga(s)[G1(5) X(5)] = G1(s)Ga(s) X(s)
= Y(s) = {G1(5)G2(5) } X (5)

Compare this equation with the standard form of the output equation,

Yis) = G(s)X(s8). Where, G(s8) = G1(5)G3a(s).
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That means we can represent the series connection of two blocks with a single block. The
transfer function of this single block is the product of the transfer functions of those two

blocks. The equivalent block diagram is shown below.

X(s) Y(s)
—}  Gi(5)Gz(s) pP—»

Similarly, you can represent series connection of ‘n’ blocks with a single block. The transfer

function of this single block is the product of the transfer functions of all those ‘n” blocks.

Parallel Connection
The blocks which are connected in parallel will have the same input. In the following figure,
two blocks having transfer functions G1(s)G1(s) and G2(s)G2(s) are connected in parallel.

The outputs of these two blocks are connected to the summing point.

x(s) > Gl(S) Yl(s)
T Y(s)
4+
— G2 (s) i
Y2(s)

Y(s) = Yi(s) + Ya(s)
Yi(s) = G1(s)X(s) and Ya(s) = Ga(s)X(s)

= Y(s) = G1(s)X(s) + G2(s)X(s) = {G1(s) + Ga(s)} X(s)
G(s) = Gy(s) + Gals).

That means we can represent the parallel connection of two blocks with a single block. The
transfer function of this single block is the sum of the transfer functions of those two blocks.

The equivalent block diagram is shown below.

X(s) Y(s)
—» Gy(s) + G (s) P>
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Similarly, you can represent parallel connection of ‘n’ blocks with a single block. The transfer

function of this single block is the algebraic sum of the transfer functions of all those ‘n’
blocks.

Feedback Connection

As we discussed in previous chapters, there are two types of feedback — positive feedback
and negative feedback. The following figure shows negative feedback control system. Here,
two blocks having transfer functions G(s)G(s) and H(s)H(s) form a closed loop.

X(s) + E(s) G(s) Y(sl)__

H(s)

The output of the summing point is -

E(s) = X(s) — H(s)Y (s)
The output ¥(s) is -
Yi(s) = E(s)G(s)
Substitute E(s) wvalue in the above equation.
Y(s) = {X(s) — H(s)Y(5)}G(s)}
V(s) {1+ G(s)H(s)} = X(5)G(s)}

Y(s) G(s)
X(s) 1-+G(s)H(s)

Therefore, the negative feedback closed loop transfer function is
G(s)
1+G(s)H|(s)

This means we can represent the negative feedback connection of two blocks with a single
block. The transfer function of this single block is the closed loop transfer function of the
negative feedback. The equivalent block diagram is shown below.
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X(s) G(s) Y(s)
. 1+ G(s)H(s)

Similarly, you can represent the positive feedback connection of two blocks with a single
block. The transfer function of this single block is the closed loop transfer function of the

positive feedback, i.e.,

G(s)
1-G{s)H(s)

Block Diagram Algebra for Summing Points

There are two possibilities of shifting summing points with respect to blocks -

¢ Shifting summing point after the block

¢ Shifting summing point before the block
Let us now see what kind of arrangements need to be done in the above two cases one by
one.
Shifting the Summing Point before a Block to after a Block

Consider the block diagram shown in the following figure. Here, the summing point is present
before the block.

R(s) + R(s)+X(s) J & Y(si

-

X(s)

Summing point has two inputs R(s) and X(s)

The output of Summing point is {R(s) + X(s)}.
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So, the input to the block G(s) is {R(s) + X(s)} and the output of it is -

Y(s) = G(s) {R(s) + X(s)}

= Y(s) = G(s)R(s) + G(s)X(s) (Equation 1)
R(s) G(s)R(s) + Y(s)
_ G(s) > —
_l_
X(s)
Cutput of the block Gis) is Gis)R(s).
The output of the suMmmMing point is
Yis) = G(s)R(s) + X(s) {Equation 2)

Compare Equation 1 and Equation 2.

The first term ‘G(s)R(s)"“G(s)R(s)’ is same in both the equations. But, there is difference in the
second term. In order to get the second term also same, we require one more block G(s)G(s).
It is having the input X(s)X(s) and the output of this block is given as input to summing point
instead of X(s)X(s). This block diagram is shown in the following figure.
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R G R -+
(s) G(=) = (s)R(s) Y(SIL
+
G(s)X(s)
G(s)
¢
X(s)

Shifting Summing Point Before the Block

Consider the block diagram shown in the following figure. Here,

the summing
point is present after the block.

—_— G(s)

R(s) G(s)R(s) —t Y(sl

-+

X(s)
Output of this block diagram is -
Y(s) = G(s)R(s) + X(s) (Equation 3)

Mow, shift the summing point before the block, This block diagram is shown in
the following figure.

R R X
(s) + (s)+X(s) 6(s) Y(sl

+

X(s)
Output of this block diagram is -

Y(5) = G(s)R(s) + G(s) X (s) (Equation 4)

Compare Equation 3 and Equation 4,

The first term ‘G(s)R(s)’ is same in both equations. But, there is difference in the second term.

In order to get the second term also same, we require one more block 1/G(s). It is having the
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input X(s) and the output of this block is given as input to summing point instead of X(s). This

block diagram is shown in the following figure.

R(s) + {—} X(s)
R(s) + { ()} [ 6e) Y(Sl

-+

1
G(s)

X(s)

Block Diagram Algebra for Take-off Points

There are two possibilities of shifting the take-off points with respect to blocks -

o Shifting take-off point after the block
¢ Shifting take-off point before the block

Let us now see what kind of arrangements is to be done in the above two cases, one by one.

Shifting a Take-off Point form a Position before a Block to a position after the Block

Consider the block diagram shown in the following figure. In this case, the take-off point is
present before the block.

Ris) »| G(s) Y(ﬂ

X(s)
Here, X(s) = R(s) and Y(s) = G(s)R(s)

When you shift the take-off point after the block, the output Y(s) will be same. But, there is

difference in X(s) value. So, in order to get the same X(s) value, we require one more
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block 1/G(s). It is having the input Y(s) and the output is X(s) this block diagram is shown in
the following figure.

R(s) Y(s)
—»| G(s) —

Shifting Take-off Point from a Position after a Block to a position before the Block

Consider the block diagram shown in the following figure. Here, the take-off point is present
after the block.

R(s) Y(s)

—»| G(s) =

X(s)
Here, X(s) = Y(s) = G(s)R(s)

When you shift the take-off point before the block, the output Y(s) will be same. But, there
is difference in X(s) value. So, in order to get same X(s) value, we require one more block G(s)

It is having the input R(s) and the output is X(s). This block diagram is shown in the following
figure.
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R(s) | 6es) Y(SZ

G(s)

l

X(s)

The concepts discussed in the previous chapter are helpful for reducing (simplifying) the

block diagrams.

Block Diagram Reduction Rules
Follow these rules for simplifying (reducing) the block diagram, which is having many blocks,

summing points and take-off points.

Rule 1 - Check for the blocks connected in series and simplify.
¢ Rule 2 - Check for the blocks connected in parallel and simplify.
¢ Rule 3 - Check for the blocks connected in feedback loop and simplify.
¢ Rule4 - If thereis difficulty with take-off point while simplifying, shift it towards right.
¢ Rule5 - If there is difficulty with summing point while simplifying, shift it towards left.
¢ Rule 6 - Repeat the above steps till you get the simplified form, i.e., single block.
Note - The transfer function present in this single block is the transfer function of the overall

block diagram.

Note - Follow these steps in order to calculate the transfer function of the block diagram
having multiple inputs.

e Step 1 - Find the transfer function of block diagram by considering one input at a
time and make the remaining inputs as zero.

o Step 2 - Repeat step 1 for remaining inputs.
e Step 3 - Get the overall transfer function by adding all those transfer functions.

The block diagram reduction process takes more time for complicated systems because; we
have to draw the (partially simplified) block diagram after each step. So, to overcome this
drawback, use signal flow graphs (representation).

¥ Block Diagram Reduction- Summary
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X (s) X,(s) X(s) e
— Gis) il Xis5)
X()
xzm = G{slx1is}
(a) X (5) = X (5) =X3(5) + X3(5) - Xy(5) (c)
; 1 2 3 4 ) =
block pickoff point
ib) summer
X(s) G (3)X(5) Gy(5)Ga(s)X ()
—  G(5) i Gols) —= G(5)Ga(5) —
(a)
G5 X(s)
e ((5)
Xi(s) *Gs) £ Gals)
e — (5 2 Go(5)
— {rs(5)
Ga(£) X (s5)
b
Auntomatic control
Ri(s) + E(s) ¥(s) G(s)
G(s) >~ < MiFcwam|
H{s)¥(5)
Hs) -

Y(s) = G(s)E(s)
F(s)=R(s)X H ()Y (s)

DEPT. OF EEE

Automatic control

Y(s)=G(s)R(s) T H(s)Y(s)] = G(s)R(s)* G(s)H (s)Y (s)

SIP (ORI </C)

R(s) 1FG(s)H(s)
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<:> —_ —

(a) Insertion or removal of unity gain

%} o T

(b) Changing a summer sign
2 we o) — (= Dl 60 | 60 s
Gyls) >
G ()X(s) Gy(s)X(s)
(¢) Moving a pickoff point back
X0 6 6 e (= M) G Gyl9) ;

(d) Moving a pickoff point forward
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+++
+ -

(e) Combining or expanding summations

- %

(f) Combining or expanding junctions

U

X,(s)
+ ;L X(5) = Xyls)
X(5) — \J =
X)(5) = X(5) st Xi(5) — X5(s5) = U:
() Moving a pickoff point behind a summation
X,(s) 2z
A X&)~ X) A X)
+
X1(s) — X5(s) +
X\(s) e 2: Xy(9) . -
_\f/ N7 Xi(5) = Xofs)
|
XZ(S) Xz(S)

(h) Moving a pickoff point forward of a summation

Examples:

1.Consider the block diagram shown in the following figure. Let us simplify (reduce) this
block diagram using the block diagram reduction rules.
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Y(s)

H |

Step 1 — Use Rule 1 for blocks 1 and Ga. Use Rule 2 for blocks Ga and 4.
The modified block diagram is shown in the following figure.

R(s) +
Gs
++ o = - Y(s)

Step 2 — Use Rule 3 for blocks 1Ga and Hy . Use Rule 4 for shifting take-off
point after the block G'g. The modified block diagram is shown in the following

figure.
[ Hsle
R(s) G,G s Y(s
e e plGs + Gy —»] G (=)
+ 1+ 6G,6G62H,
+
H,
k.
Gs

Step 3 — U=se Rule 1 for blocks (s + G4) and G5. The modified block diagram
iz shown in the following figure.,
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Hle
R(s) GG, g Y(s)
B
+® > 1 e GIGZHl (63 —+ 64)65 H
+
H
CR
Gs

Step 4 — Use Rule 3 for blocks (Ga3 + G4)Gs and Hi. The modified block
diagram is shown in the following figure.

R(s) | GG (G331 GC)G: Y(s)
+'® 13 GG | 112 (Gat GG,
b i
H
2 |e
Gs

Step 5 — Use Rule 1 for blocks connected in series. The modified block diagram
is shown in the following figure.
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R(SZ@) .. 666065460 Y(s)
4 (14 G1G2H){1+ (G3 + G4)GsH3}
i
H, o
Gs

Step 6 — Use Rule 3 for blocks connected in feedback loop. The modified block
diagram is shown in the following figure. This is the simplified block diagram.

R(s) G1G; G5*(G3 + Gy) _Y:s)
—
(1 + G1G2H){1 + (G3 + G4)GsH3}Gs — G1G2Gs(G3 + G4 )H»

Therefore, the transfer function of the system is

Y(s) G1GaGE(Gs + Gy)

Ri(s) (14+Gi1GaH1){1 + (Gas + G4)GsHa}Gs — G1G2Gs(Ga + G4) Ha
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2.Determine the transfer function Y(s)/R(s).

[ == EEasEES——hT —emca = S A 1
} . s |
I oo s+ 2 |
I |
I _ |
I |
R(s) | X & + ! s Y(s)
e / | i i Tl s2+s+4 o
I__, _______________ 1
3 -
s+ 3 i

Y(s)

Y(s)

R(s) i 552+ 125 Y(s)‘

= (65 + 14)(s%2 + 5 + 4)

3
s+ 3

L

552+ 12s
(65 + 14)(s% + 5 + 4)

R(s) Y(s)

(552 + 125)(3)
(65 + 14)(sZ + s + 4)(s + 3)

= 553+ 2752 + 36s
65% + 3853 + 11352 + 2065 + 168
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3. Determine the transfer function Y2(s)/Ru(s).
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R, (s)

Ri(s)=0

Ry(s)=0
3 |1 Ya(s)
s+2 & i s -
3 1
o 230
S$)=
Ry(s) R ( 3 ) y Y(s)
s+2 (E)
_ 3
T s2+2s5+3
(a)
R,(s)
3 1 )
s+2 + 2 o
R;,(s) =i w g . 1 Y,(s)
£ = s
+
3 o 3
s+2 A
Tops) = ——— &
$) =
Ry(s) B (1) v ( 3 ) i
s s+2
. —=s=2
T 52425+ 3
(b)
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Signal Flow Graph

Signal flow graph is a graphical representation of algebraic equations. In this chapter, let us
discuss the basic concepts related signal flow graph and also learn how to draw signal flow
graphs.

Basic Elements of Signal Flow Graph

Nodes and branches are the basic elements of signal flow graph.

Node
Node is a point which represents either a variable or a signal. There are three types of nodes

— input node, output node and mixed node.

¢ Input Node - It is a node, which has only outgoing branches.
e Output Node - It is a node, which has only incoming branches.

¢ Mixed Node - It is a node, which has both incoming and outgoing branches.
Example

Let us consider the following signal flow graph to identify these nodes.

b
— > —

Y1 Y2 Y3 Y4

Q
0

-d

@ The nodes present in this signal flow graph are yq, ¥o, ¥5 and y4.
9 y4 and y4 are the input node and output node respectively.

9 yo and yg are mixed nodes.
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Branch

Branch is a line segment which joins two nodes. It has both gain and direction. For example,

there are four branches in the above signal flow graph. These branches have gains of a, b,
cand -d.

Construction of Signal Flow Graph

Let us construct a signal flow graph by considering the following algebraic equations -

Y2 = @121 + @42Y4
Y3 = agaya + asalys
Yy = @34Ys
Ys = @45Y4 + X35Y3
Y6 = QAsells

There will be six nodes (v, vs, ¥3, ¥4, ¥g and vg) and eight branches in this
signal flow graph. The gains of the branches are aqs, as3, 834, 345, Acg, 342, 53

and asc.

To get the overall signal flow graph, draw the signal flow graph for each

equation, then combine all these signal flow graphs and then follow the steps
given below —

Step 1 — Signal flow graph for ya = a1ay1 + aqoys is shown in the following
figure,
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;>
= ) =3 S o
Y Y= s Ya s Ye
Aa>
Step 2 — Signal flow graph for ¢ya — asays + asays is shown in the following
figure.
azz3
- - ) - -
Y Y2 ys3 Ya s Ve
ass
Step 3 — Signal flow graph for a4 — aaaya is shown in the following figure.
A34
® ® = ) & e *
Y1 Y2 Y3 Y Y5 Ye

Step 4 — Signal flow graph for ys = a4sys + aasys is shown in the following
figure.

dszs

Y1 Yo Y3 Ya Y= Ye

Step 5 — Signal flow graph for ys = agsys is shown in the following figure.
Qse

® ® ® L .%—.

Y1 W Y3 Ya ¥s Ye

Step 6 — Signal flow graph of overall system is shown in the following figure.,
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Conversion of Block Diagrams into Signal Flow Graphs

Follow these steps for converting a block diagram into its equivalent signal flow graph.

e Represent all the signals, variables, summing points and take-off points of block

diagram as nodes in signal flow graph.
o Represent the blocks of block diagram as branches in signal flow graph.

e Represent the transfer functions inside the blocks of block diagram as gains of the

branches in signal flow graph.

e Connect the nodes as per the block diagram. If there is connection between two
nodes (but there is no block in between), then represent the gain of the branch as
one. For example, between summing points, between summing point and takeoff

point, between input and summing point, between take-off point and output.

Example

Let us convert the following block diagram into its equivalent signal flow graph.
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R(s) Y1 i Y2 - _ﬂ:
++ - - Y(s)

Represent the input signal R(s) and output signal C(s) of block diagram as input
node R(s) and output node C(s) of signal flow graph.

Just for reference, the remaining nodes (y1 to ys) are labeled in the block diagram. There are
nine nodes other than input and output nodes. That is four nodes for four summing points,

four nodes for four take-off points and one node for the variable between blocks Giand G..

The following figure shows the equivalent signal flow graph.

H,

Let us now discuss the Mason’s Gain Formula. Suppose there are ‘N’ forward paths in a signal

flow graph. The gain between the input and the output nodes of a signal flow graph is
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nothing but the transfer function of the system. It can be calculated by using Mason’s gain

formula.

Mason’s gain formula is

a

_C(s) _ BN, PA,
~ R(s) A

Where,

C(s) is the output node

R(s) is the input node

T is the transfer function or gain between R(S) and C(S)
Pi is the it" forward path gain

A=1-(sum of all individual loop gains) +(sum of gain products of all possible two
nontouching loops)-(sum of gain products of all possible three nontouching loops)
+....

A\ is obtained from A by removing the loops which are touching the it" forward path.

Consider the following signal flow graph in order to understand the basic terminology

involved here.
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Path

Itis a traversal of branches from one node to any other node in the direction of
branch arrows, It should not traverse any node more than once,

Examples —yy —» y3 — 44 — Y5 and ys — y3 — 1
Forward Path

The path that exists from the input node to the output node is known as
forward path.

Examples —y1 — Yy = Y3 = Y1 = ¥s — Ye andy1 — Y2 — Y3 — Y5 — Ys.
Forward Path Gain

It iz obtained by calculating the product of all branch gains of the forward path.
Examples — abede is the forward path gainof yy — ya — ys — ¥4 — ¥s — Us

and abge iz the forward path gain of gy — Yo — y3 — ys5 — us.

Loop

The path that starts from one node and ends at the same node is known as a loop. Hence, it
is a closed path.

Examples —ys — y3 — y9 and ys — Y5 — Y.
Loop Gain
It iz obtained by calculating the product of all branch gains of a loop.

Examples — bj iz the loop gain of ya — ya —+ y2 and gy is the loop gain of
Ya — Ys — Ya.

Non-touching Loops

Theze are the loops, which should not have any common node.

Examples — The loops, yg — ya — ¥9 and y4 — Y — Y4 are non-touching.

Calculation of Transfer Function using Mason’s Gain Formula

Let us consider the same signal flow graph for finding transfer function.
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Number of forward paths, N = 2.

First forward path is - Y1—Y2—Y3—Y4—Y5—YV6.

First forward path gain, p1=abcde

Second forward path is - Y1—Y2—Y3—Y5—Y6

Second forward path gain, p2=abge

Number of individual loops, L = 5.

Loops are - Y2 —¥Ys Y2, Ys 7 Ys Y3, Y3 Ys 7 UYs —Ys,
Y4 — Ys — Y4 and Ys — s

Loop gains are - Iy = bj, Iy = gh, Iy = cdh, [y =di and Iy = f.

Number of two non-touching loops = 2.

First non-touching loops pair is - Yy2—Y3—YV2, Y4—Y5—Y4.
Gain product of first non-touching loops pair l1l4=bjdi
Second non-touching loops pair is - Y2—Y3—Y2, Yy5—V5.
Gain product of second non-touching loops pair is 1l5=bjf

Higher number of (more than two) non-touching loops are not present in this signal flow

graph.We know,
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- ©

Y1 Ye

@ Number of forward paths, N = 2.

@ First forward pathis -y — Y2 — Y3 — Y4 — Ys —> Y6 .

@ First forward path gain, p; = abede.

@ Second forward pathis -y1 — Y2 — Y3 — Ys — Vs .

a Second forward path gain, pa = abge.

@ Number of individual loops, L = 5.

@ Loops are - Y2 —Yys Y2, Ys Y5 Y3, Ya Y4 Ys — Y3,

Y4 — Y5 — Ys and Ys — Ys.
8 Loop gains are - Iy = bj, lg = gh, Iy =edh, ly =diand Iy = f.
g MNumber of two non-touching loops = 2,
2 First non-touching loops pairis -ya — Y3 — Y2, Y4 — Ys — Ya.
8 Gain product of first non-touching loops pair, Iy = bjdi
2 Second non-touching loops pairis -ys — Y3 — Y2, Ys — Us -

8 Gain product of second non-touching loops pair is - Iyl = bjf

Higher number of (more than two) non-touching loops are not present in this
signal flow graph.
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We lnow,
A =1 — (sum of all individual loop gains)
+(sum of gain products of all possible two nontouching loops)

—(sum of gain products of all possible three nontouching loops)+. . .

Substitute the values in the abowve equation,

A = 1— (bj + gh +cdh +di + f) + (bjdi +bjf) — (0)

= A=1—(bj+gh+ecdh+di+ f)+bjdi +bjf
There iz no loop which is non-touching to the first forward path.
SO, .&1 =1

Similarly, &g = 1. Since, no loop which is non-touching to the second forward

path.

Substitute, N = 2 in Mason’s gain formula

Cls) _ Sy P

=R A

GI[S] Plﬂl +P2ﬂg
R(s) A

T =

Substitute all the necessary values in the above equation.

T Cls) (abede)l + (abge)l
" R(s) 1—(bj+gh+edh+di+ f)+bjdi +bjf
L C(s) (abede) + (abge)
" R(s) 1—(bj+gh+cdh+di+f)+bjdi +bjf

Therefore, the transfer function is -

T_ Cls) (abede) + (abge)
" R(s) 1— (bj+gh+cdh+di+ f)+bjdi +bjf
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Example-1: Determine the transfer function C(s)/R(s).

R(

T(S):&

o [=GGGG, A;=1 Thereizno P, or A, or more.

¢ Y [=-GGH +GGH,-GGH,

¢ Y L,=GGGGHH,

o A=1-Y L+) L,=4GG,H -GG H,+GG,H,+GGGG,HH,

. T(S):ZPIAIZ _ _ (}1(}2_(}3_(}4 -
A 1+GG,H -GGH,+GGH,+GG,GGHH,
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Example-2: Determine the transfer function C(s)/R(s).

M =66G6666G b =1
M,=GGG, b, =1-[-GH, -GH,-GGGGH -GGG H [+ G HGH,
=1+GH+GH +660GH +GGGH +GHGH,

A=1-[-G A -GH -GG GG H, -GGGH, -G ]
ﬂ@ﬂ@ﬂ+@ﬁ@&+&ﬁ@&+Qiﬁ&ﬁﬁ+@ﬂ@@@&%
+o, 5,61, G,H,

A=L+GH +GH +GGGGH +GGGH +GH,

GG H +GHGH, +GHGH, +GAGGGH +GHGOGGH,

+GHGHGH,
1~ Cly) MA+MA GCGGGEGG GGG+ CHAGH +6CEGH +GEGH +GHEH,]
Ry b A
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Example-3: Determine the transfer function C(s)/R(s).

M, =G,G,G,G, A, =1

M, =G, A, =1
M, = G,G, A, =1+G,

A=1-(-G - G, — G;G,G;G,) +G,G, = 1+ G, +G, +G,G,G,G, +G,G,

M 1- (-G, - G, — G,G,G,G,) + G,G,

a)
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UNIT-II

TIME RESPONSE ANALYSIS

We can analyze the response of the control systems in both the time domain and the
frequency domain. We will discuss frequency response analysis of control systems in later

chapters. Let us now discuss about the time response analysis of control systems.

What is Time Response?

If the output of control system for an input varies with respect to time, then it is called

the time response of the control system. The time response consists of two parts.

e Transient response
e Steady state response

The response of control system in time domain is shown in the following figure.

c(t)
A

>
0 < >« > t

Transient Steady
State state

Here, both the transient and the steady states are indicated in the figure. The
responses corresponding to these states are known as transient and steady
state responses.

Mathematically, we can write the time response c(t) as

c(t) = et (t) +css(t)

Where,

e Ct(t) is the transient response

CONTROL SYSTEMS

www.Jntufastupdates.com 35



MALLA REDDY COLLEGE OF ENGINEERING AND TECHNOLOGY DEPT. OF EEE

e Css(t) is the steady state response

Transient Response

After applying input to the control system, output takes certain time to reach steady state.

So, the output will be in transient state till it goes to a steady state. Therefore, the response
of the control system during the transient state is known as transient response.

The transient response will be zero for large values of ‘t’. Ideally, this value of ‘t" is infinity
and practically, it is five times constant.

Mathematically, we can write it as
Iim e (t) =0
t—oo t?[ ]

Steady state Response

The part of the time response that remains even after the transient response has zero value

for large values of ‘t’ is known as steady state response. This means, the transient response
will be zero even during the steady state.

Example

Let us find the transient and steady state terms of the time response of the control system
c(t) = 10 4 e

—t
Here, the second term Se will be zero as t denotes infinity. So, this is the transient term.

And the first term 10 remains even as t approaches infinity. So, this is the steady state term
Standard Test Signals

The standard test signals are impulse, step, ramp and parabolic. These signals are used to
know the performance of the control systems using time response of the output.

Unit Impulse Signal

A unit impulse signal, 6(t) is defined as
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§(t) =0 fort £ 0
and [ d(t)dt = 1

The following figure shows unit impulse signal,

a(t) 4

>
0 t

So, the unit impulse signal exists only at‘t’ is equal to zero. The area of this signal under small
interval of time around‘t’ is equal to zero is one. The value of unit impulse signal is zero for

all other values of‘t’.

Unit Step Signal

A unit step signal, u(t) is defined as
u(t) =1;t >0
=0;t<0

Following figure shows unit step signal.

ult)

F

i

So, the unit step signal exists for all positive values of‘t” including zero. And its value is one

during this interval. The value of the unit step signal is zero for all negative values of‘t’.
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Unit Ramp Signal

A unit ramp signal, r (t) is defined as

rit) =%t >0
=0;t<0

We can write unit ramp signal, 7(t) in terms of unit step signal, u(t) as

Following figure shows unit ramp signal.

r(t)
A

>
0 t

So, the unit ramp signal exists for all positive values of‘t’ including zero. And its value
increases linearly with respect to‘t’ during this interval. The value of unit ramp signal is zero
for all negative values of‘t’.

Unit Parabolic Signal

A unit parabolic signal, p(t) is defined as,

t?
t)= —:;t=0
p(t) >
=0;t<0

Wi'e can write unit parabolic signal, p(t) in terms of the unit step signal, w(t) as,

2
plt) = ult)

The following figure shows the unit parabolic signal.
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p(t)
A
'
0 t

So, the unit parabolic signal exists for all the positive values of‘t’ including zero. And its value
increases non-linearly with respect to‘t’ during this interval. The value of the unit parabolic
signal is zero for all the negative values of‘t’.

In this chapter, let us discuss the time response of the first order system. Consider the
following block diagram of the closed loop control system. Here, an open loop transfer
function, 1/sT is connected with a unity negative feedback.

R(S) 4 - ] C(S)
s >

We know that the transfer function of the closed loop control system has unity
negative feedback as,

Cls)  Gl(s)
R(s) 1+4+G(s)
Substitute, G(s) = % in the abowve equation.
1
Cls) =+ 1
R(s) 14_% ST +1

The power of ¢ is one in the denominator term. Hence, the abowve transfer
function iz of the first order and the system is said to be the first order
system,
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We can re-write the above equation as

C(s) = (ﬁ) R(s)

Where,

8 C(s)is the Laplace transform of the cutput signal <(t),

8 R(s) iz the Laplace transform of the input signal r(t), and

8 Tiz the time constant.

Follow these steps to get the response (output) of the first order svstem in the
time domain.

8 Take the Laplace transform of the input signal r(t).

o

Consider the equation, C(s) = (ﬁ) R(s)

o

Substitute R(s) value in the above equation.

o

Do partial fractions of C(s) if required.

o

Apply inverse Laplace transform to Cf(s).

Impulse Response of First Order System

Consider the unit impulse signal as an input to the first order system.
So, r(t)=6(t)

Apply Laplace transform on both the sides.

R(s) =1

Consider the equation, C(s) = (ﬁ) R(s)

Substitute, R(s) = 1in the above equation.

Rearrange the above equation in one of the standard forms of Laplace
transforms.
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1 1 1
Cls) = —— Cls) = —
DTGy Y (s+%)

Applying Inverse Laplace Transform on both the sides,

The unit impulse response is shown in the following figure.

c(t)

1
Y 4

The unit impulse response, c(t) is an exponential decaying signal for positive values of ‘t’ and

it is zero for negative values of ‘t’.

Step Response of First Order System

Consider the unit step signal as an input to first order system.

So, r(t)=u(t)
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Consider the equation, C'(s) = (ﬁ) R(s)

Substitute, R(s) = % in the abowve equation,

0= (z71) () = s

Co partial fractions of Cls).

1 A B
C = = — _
(s) s(sT + 1) s+sT+1
- 1 _A(sT+1) + Bs
s(sT+1) s(sT +1)

On both the sides, the denominator term is the same. So, they will get cancelled by each
other. Hence, equate the numerator terms.

1=A(sT+1)+Bs

By equating the constant terms on both the sides, you will get A = 1.
Substitute, A = 1 and equate the coefficient of the s terms on both the sides.
0=T+B

=>B=-T

Substitute, A =1 and B = -T in partial fraction expansion of C(s)
1 T 1 T
C[S]:———:———l
s sI'+1 s T (5 + T}

Apply inverse Laplace transform on both the sides.

c(t) = (1 _e (%) ) u(t)

The unit step response, c(t) has both the transient and the steady state terms.
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The transient term in the unit step response is -

cor () = —e~ (Fa(t)

The steady state term in the unit step response is —
Css(t) = wu(t)

The following figure shows the unit step response

c(t)
A

S
t

The value of the unit step response, c(t) is zero at t = 0 and for all negative values of t. It is
gradually increasing from zero value and finally reaches to one in steady state. So, the steady

state value depends on the magnitude of the input.

Ramp Response of First Order System

Consider the unit ramp signal as an input to the first order system.

So, r(t)=t u(t)
Apply Laplace transform on both the sides.

Consider the equation, C(s) = (ﬁ) R(s)

Substitute, R(s) = %

C(s) = (ﬁ) (iz) B ﬁ

in the above equation,
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Do partial fractions of C'(s).

C[S]—;—i—l—g—l—i
T ssT+1) 82 s ST +1
N 1 _ A(sT +1) + Bs(sT +1) + Cs®

s (sT +1) s2(sT + 1)

On both the sides, the denominator term is the same. So, they will get cancelled by each

other. Hence, equate the numerator terms.

1= A(sT + 1) + Bs(sT + 1) +Cs”

By equating the constant terms on both the sides, you will get A= 1.

Substitute, A = 1 and equate the coefficient of the s terms on both the sides.

0=T+B=B=-T

Similarly, substitute B = =T and equate the coefficient of s? terms on both the sides. You will

get C=T?
Substitute A =1, B = -T and C=T?in the partial fraction expansion of C(s).
1 T T2 1 T T2
Cls)=—-——+——=5——+—7+
s2 s §sT4+1 s s T (s+ %)
T
1 T T
=Cs)=———+

2 1
s s 1
s—I—T

Apply inverse Laplace transform on both the sides.

)) u(t)

The unit ramp response, c(t) has both the transient and the steady state terms.

H |~

c(t) = (t _ 7 7e

The transient term in the unit ramp response is

i

e (t) = T (Fa()

The steady state term in the unit ramp response is —
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Css (t) = (t —T)ul(t)

The figure below is the unit ramp response:

c(t)
A

The unit ramp response, c(t) follows the unit ramp input signal for all positive values of t.
But, there is a deviation of T units from the input signal.

Parabolic Response of First Order System

Consider the unit parabolic signal as an input to the first order system.

So, r(t) = Lu(t)

Apply Laplace transform on both the sides,

Consider the equation, C(s) = (ﬁ) R(s)

Substitute R(s) = % in the abowve equation.

1 1 1
cle) = (S.T—H) (—) T BT
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Do partial fractions of C(s).

C(s) 1 A N B N C N D
ANE = = — JR— — -
sA(sT+1) s 82 s  sT+1
After simplifying, wou will get the wvalues of A B, C and D as 1,
—T, T?and — T3 respectively, Substitute these values in the abowve partial

fraction expansion of C(s).

1 T Tz T‘! 1 T TE TE
CE=g-a+5F—aun 206 =5-5+% -1
T

Apply inverse Laplace transform on both the sides.
t? 2 o (%)
c(t) = E—Tt—I—T —T% \7/ |u(t)

The unit parabolic response, c(t) has both the transient and the steady state terms.

The transient term in the unit parabolic response is

t

Cip (t) = 1% (3 )u[t]
The steady state term in the unit parabolic response is

tﬂ
Ces(t) = (E — Tt -I—T2) u(t)

From these responses, we can conclude that the first order control systems are not stable
with the ramp and parabolic inputs because these responses go on increasing even at infinite
amount of time. The first order control systems are stable with impulse and step inputs
because these responses have bounded output. But, the impulse response doesn’t have
steady state term. So, the step signal is widely used in the time domain for analyzing the
control systems from their responses.

In this chapter, let us discuss the time response of second order system. Consider the
following block diagram of closed loop control system. Here, an open loop transfer
function, wn?/ s(s+26wn) is connected with a unity negative feedback.
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C(s)

" 5G + 200,)

——>
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We know that the transfer function of the closed loop control system having

unity negative feedback as

C(s)  Gls)
R(s) 14+G(s)

Substitute, G(s) = ﬁ in the above equation,
()
C{E} _ s(s+26uw,) WE;

R(s) 1+(3{ ) ) 82 + 20wns + Wk

s+2dw,,)

The power of ‘s’ is two in the denominator term. Hence, the above transfer function is of the
second order and the system is said to be the second order system.

The characteristic equation is -

s + 20w, 5 +wd =0

The roots of characteristic equation are -

—2wd,, + \/(Ean)ﬂ _ 4u?

5 = =

—2(dwy, £ wnvd2 —1)

2

= 5= —dw, Twy/d° —1

e The two roots are imaginary when 6 = 0.
e Thetwo roots are real and equal when 6 = 1.

e Thetwo roots are real but not equal when 6 > 1.
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e The two roots are complex conjugate when0< 6 < 1.

We can write C(s) equation as,

C W R
8) = (52 + 24t 5 + wd ) (s)

Where,
e C(s) is the Laplace transform of the output signal, c(t)
e R(s) is the Laplace transform of the input signal, r(t)
e n is the natural frequency
e O is the damping ratio.

Follow these steps to get the response (output) of the second order system in the time
domain.

Take Laplace transform of the input signal, r(t).

2 42, s+l

Substitute R(s) value in the above equation.

Consider the equation, C(s) = (L) R(s)

Do partial fractions of C(s) if required.

Apply inverse Laplace transform to C(s).

Step Response of Second Order System

Consider the unit step signal as an input to the second order system.Laplace transform of
the unit step signal is,
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R(s) = —

We know the transfer function of the second order closed loop control system
is,

C(s) o

Ri(s) 52 4+ 28, 5 + w2

Case 1: & =0
Substitute, d = 0 in the transfer function.

(s) o
R(s) 52 f 2
= C'(s) = R(s
0 = (2 5 ) R(o)
Substitute, R(s) = % in the abowve equation.

C(s) = (Sgﬂ%)( )_m

Apply inverse Laplace transform on both the sides,
c(t) = (1 — cos(wnt)) wu(t)

So, the unit step response of the second order system when /delta = 0 will be
a continuous time signal with constant amplitude and frequency.

Case 2: & =1
Substitute, /delta = 1 in the transfer function.

C(s) e
R(s)  s2 4 2oy, 5 + e
(s) “t__) R(s)
= C(s)=| —— s
((5 + wq )2 )
Substitute, R(s) = % in the abowve equation.

C(s) = (54—-::.:'“}2) ( ) s(s +-'-un)2

Do partial fractions of C'(s) .
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w2 A B C
Cls)=——F=—+
s(s +wp)? 5 stwp (5+wy)?

After simplifying, vou will get the wvalues of &, B and C as 1, —land — wy,
respectively, Substitute these values in the above partial fraction expansion of

C(s).

1 1
Cls) = = — -
5 stwp (5+wn)

Apply inverse Laplace transform on both the sides,
c(t) = (1 — e ™ — w te ™ u(t)

S0, the unit step response of the second order system will try to reach the step
inpUt in steady state,

Case 3:0<06<1

We can modify the denominator term of the transfer function as follows —
5% + 20w, s +wd = {5% +2(s5) (6w ) + (dwn)?} +wd — (dwy,)?
= (54 dwn)? + w2 (1 — %)

The transfer function becomes,

C(s) w2

R(s) (54 dwn)? +wi(l—42)

wa
= o) = ([s T dwn)? + B (1— 62) ) e

Substitute, R(s) = % in the abowve equation,

= ({Hawn}ﬂi%u - aﬂ}) (1) ) s(ﬁHwﬂ;iwﬁ{l ~ )
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Do partial fractions of C(s).

C(s) = w2 B i N Bs+C
Cos((5+0wn)? +w2(1-62)) 5 (54dw,)? +wk(1-42)

After simplifying, vou will get the values of &, B and C as 1, —land — 2dw,
respectively, Substitute these values in the abowve partial fraction expansion of
Cis).

1 5 + 2dwy,
§ (54 dwy)? +wi(1—42)

() 1 5 + dwy, dwy,
A8 = — — —
5 (st dwn)? TeA(1—02) (s +dunm)? ted(1—a?)

O P
T (st P Hua V1422 V142 [s-l—dm,, o, V' 147

Substitute, wp v 1 — 62 as wy in the abowve equation.

O(s) = 1 (s + b)) B d g
8 (5 + bwy)? + w? V1— 62 \ (5 + dwp)? + 2

Lpply inverse Laplace transform on both the sides,

c(t) = (1 — e %t cos(wyt) — L},—E_&%t sinl[wdt]) u(t)
V1 — g2

—Jw\“t
c(t) = (1 T ({V’ 6% ) cos(wyt) + JSJnI[wdt])) u(t)

If v'1— 42 =sin(f), then '3 wil be cos(8). Substitute these walues in the
above equation,.

E—r_'l' t
c(t) = (1 - i(sin{ﬂ] cos(wgt) + cos(8) sin(wdt]}) wu(t)

21— 42

E—J{.\.-..,t
=c(t) = (1 - (—&2) sin(wgt —|—Ea']l) u(t)

v 1 —

CONTROL SYSTEMS

www.Jntufastupdates.com 51



MALLA REDDY COLLEGE OF ENGINEERING AND TECHNOLOGY DEPT. OF EEE

So, the unit step response of the second order system is having damped oscillations
(decreasing amplitude) when ‘8’ lies between zero and one.

Case4:6>1

We can modify the denominator term of the transfer function as follows -

5 + 20w, s +wh = {5 +2(5) (dwn) + (dwn)?} +wd — (dwy,)?
= (54 duwy,)® — w2 (82 - 1)
The transfer function becomes,

C(s) 2

L

R(s) (5 + dwp )2 —w? (62 — 1)

wh
= Cle) = (l[s—l—tfw )2 — w2 (42 — lj)R{S]

Do partial fractions of C[s].

2

C(s) = 2
s(s + dwp, +wpvVid?2 — 1)(5 + dwp, —wpvd2 —1)
A B C
= — + +
5 s+4+dw, tw,vit—1 s4+dw, —wyvid:—1
After simplifying, vou will get the values of &, B and C as 1 !
PIFy _g ! ’ 2(d+v/d—1)(vVé 1)
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-1
2(d—v/2—1)(vd*—1)

fraction expansion of C(s).

respectively, Substitute these wvalues in above partial

and

C(s) = —+ 1 ( 1 )
5 2(6++62 —1)(vd2 —1) \s+ dwy +wpvi?—1

1 v
(2[5 — 62 —1)(vé2 —1) ) 8+ dwp —wp V2 —1
Apply inverse Laplace transform on both the sides,

c(t)
o (du, H, VA1)t

_ 1
a (1 * (ﬂtamf“—lwa?—n)
) E—[Jm.,—w,,v Jz—l]t) u[ﬂ

. 1
(2[&-%2—11[652—11

Since it is over damped, the unit step response of the second order system when & > 1 will

never reach step input in the steady state.

Impulse Response of Second Orde r System

The impulse response of the second order system can be obtained by using any one of these

two methods.

e Follow the procedure involved while deriving step response by considering the value
of R(s) as 1 instead of 1/s.
¢ Do the differentiation of the step response.

The following table shows the impulse response of the second order system for 4 cases of
the damping ratio.

CONTROL SYSTEMS

www.Jntufastupdates.com 53



MALLA REDDY COLLEGE OF ENGINEERING AND TECHNOLOGY DEPT. OF EEE

Condition of Damping ratio Impulse response fort = 0
5=0 Wy, Sin(wy,t)
&=1 w2 te Wt
O=d&<1 ity ot ]
sin(ewyt
(ﬂ ) (csat)
S >1 w (E—ta%—mfaﬂ—nt
24/4%-1

_ o (dw, mwz—ljt)

In this chapter, let us discuss the time domain specifications of the second order system. The
step response of the second order system for the underdamped case is shown in the
following figure.

c(t)

5 M
Los| . Pl N
1 H U ~

0.95

0.5

>
t

0|

]
~
“

All the time domain specifications are represented in this figure. The response up to the
settling time is known as transient response and the response after the settling time is known

as steady state response.

Delay Time
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It is the time required for the response to reach half of its final value from the zero instant.

It is denoted by tdtd.
Consider the step response of the second order system for t 2 0, when ‘&’ lies between zero

and one.

—_—

E—c'l'r.\.n“t
c(t) =1— (—) sin(wyt + 0)
Vv1— 42

The final value of the step response is one,

Therefore, at t =14, the value of the step response will be 0.5 Substitute,
these values in the above equation,

E—Jf-\-h tg

c(tg) =05 =1— (—) sin(wgty + 0)
vV1— 42

—

E—J[.\.'“td'
N (—) sin(wita +6) = 0.5
v1— 42

By using linear approximation, you will get the delay time ty as

140.74
tg=———
Win

Rise Time

It is the time required for the response to rise from 0% to 100% of its final value. This is
applicable for the under-damped systems. For the over-damped systems, consider the
duration from 10% to 90% of the final value. Rise time is denoted by t..

Att=11=0,c(t) = 0.

We know that the final value of the step response is one. Therefore, at t=t2, the value of step
response is one. Substitute, these values in the following equation.
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E—Jr.\.lﬂt
c(t) =1— (—) sin(wgt + )
Vv1— 42
E—J%tz
c(tag) =1=1— (—) sin(wgts + 0)
v1— §2

—

E—d[.ulntg
= (—) sin(wgyty +6) =0
v1— 42
= sin(wgtyg +8) =0

= wyty +0=m

m— 0

W

:’;*'tg:

Substitute ty and tz values in the following equation of rise time,

t, =ty —t;

g
From above equation, we can conclude that the rise timetrand the damped
frequency wq are inversely proportional to each other.
Peak Time

It is the time required for the response to reach the peak value for the first time. It is
denoted by t,. At t=t, the first derivate of the response is zero.
We know the step response of second order system for under-damped case is

E—Ju.l.,,t
c(t) =1— (—) sin(wgt + @)
vV1— g2
Differentiate ¢(t) with respect to 't
de(t —dukat P
J = — (E—) wy cos(wgt + ) — (L) sin(wgt + 6)
dt V1—§2 V1—§2
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E—Ju.tnt
c(t) =1— (—) sin(wgt + 0)
v1— 42

Differentiate ¢(t) with respect to 't

de(t ik, — At
J = — (E—) wy cos(wyt + ) — (Mn—;) sin(wqt + 6)
dt V1= 42 V1= 42

de(t)

Substitute, t = t, and —

= 0 in the above equation.

E—Ju.\“tp
0=— (—) [wq cos(waty + 0) — dwp, sin(wgt, + 6)]

Vv1— g2

= why ﬁ'ﬁ cos(wgty + 0) — duwy, sin(wgty, +60) =0
= Jﬁ! cos(wgty +0) — dsin(wgty, +6) =0
= sin(f) cos(wgty + 0) — cos(0) sin(wyt, +6) =0
= sin(f — wyty, —0) =0
= sin(—wgty) = 0 = —sin(wgty) = 0 = sin(wyty) =0

= Wty =

From the above equation, we can conclude that the peak time tpand the damped

frequency wq are inversely proportional to each other.
Peak Overshoot

Peak overshoot My is defined as the deviation of the response at peak time from the final

value of response. It is also called the maximum overshoot.

Mathematically, we can write it as

Mp=c(tp) - c(°)

Where,c(tp) is the peak value of the response, c(e°) is the final (steady state) value of the

response.

At t=tp, the response c(t) is -
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E—d'u.\,,tp
c(ty) =1— (—) sin(wgty, + 0)
v1— 42
Substitute, t, = wl in the right hand side of the above equation.
(]

c(tp) = 1- (=) Si“(‘”f‘ (i) “})

\ w"ﬁ } g

E_(JEF)

=c(ty) =1— | ——————— | (—sin(#))
? Vi—a2
We lknow that
sin(d) = /1 — §2

So, we wil gete(tp) as

c(t,) =1 +E_(¢%)

Substitute the values of ¢(ty) and c(oo) in the peak overshoot equation,

M, =1 +e_(xfﬁ) 1

= M, = E_( fﬁ)

Percentage of peak overshoot %o pr can be calculated by using this

formula.
M.
%M, = —— x 100%
c(oa)

From the above equation, we can conclude that the percentage of peak overshoot %Mp will
decrease if the damping ratio 6 increases.

Settling time

Itis the time required for the response to reach the steady state and stay within the specified
tolerance bands around the final value. In general, the tolerance bands are 2% and 5%. The

settling time is denoted by ts.
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The settling time for 5% tolerance band is —

t.= — =371
T dwy,

The settling time for 2% tolerance band is —

ty = E = 4T
Where, T is the time constant and is equal to 1/6wn.
e Both the settling time ts and the time constant t are inversely proportional to the
damping ratio 6.
e Both the settling time ts and the time constant t are independent of the system gain.
That means even the system gain changes, the settling timetsand time
constant T will never change.

Example

Let us now find the time domain specifications of a control system having the closed loop
transfer function when the unit step signal is applied as an input to this control system.

We know that the standard form of the transfer function of the second order closed loop
control system as

W

5?2 4 26w, 5 + w2

By equating these two transfer functions, we will get the un-damped natural frequency wn as
2 rad/sec and the damping ratio § as 0.5.
We know the formula for damped frequency wgqas

Wi =wpy1— g2
Wy =wpy1— 42
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Substitute, w,, and d values in the abowve formula.

= wy = 21;“1 — (0.5)?

= wy = 1.732 rad/ sec

Substitute, d value in following relation

0 =cos 1§

m

= # = cos 1(0.5) = 5 rad

Substitute the above necessary values in the formula of each time domain specification and

simplify in order to get the values of time domain specifications for given transfer function.

The following table shows the formulae of time domain specifications, substitution of

necessary values and the final values

Time domain
specification

Celay time

Fise time

Peak time

B Peak
overshoot

settling  time
for 2%
tolerance band

Formula Substitution of Final value

values in Formula

ty = “::;” £ = 1+”~;i“~51 ty=0.675 sac
_ m-f T—(3) =
t, = = t, = 1.?;2 t,=1.207 sec
_ow _ . x _
tp = tp = 1733 tp—1.813 sec
YoM, %M, % M, =16.32%

x 1009
4 _ 4 —
= tg = 05)2) t, =4 zec
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The deviation of the output of control system from desired response during steady state is
known as steady state error. It is represented as e€ss. We can find steady state error using

the final value theorem as follows.

Ess = 15]i‘:u:l e(t) = lim E(s)

s—0

Where,

E(s) is the Laplace transform of the error signal, e(t)
Let us discuss how to find steady state errors for unity feedback and non-unity feedback

control systems one by one.

Steady State Errors for Unity Feedback Systems

Consider the following block diagram of closed loop control system, which is having unity
negative feedback.

R(s) + G(s) T C(sl

Where,

8 R(z) is the Laplace transform of the reference Input signal r(t)

8 C(s)is the Laplace transform of the output signal e(t)

We know the transfer function of the unity negative feedback closed loop
control system as

Cls) B G(s)

R(s) 1+G(s)
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R(s)G(s
Els) = Rls) = 7 EF}G{{S;
_ R(s) + R(s)G(s) — R(s)G(s)
= Bls) = 1+G(s)
R(s)
= B8 =16

Substitute E(s) value in the steady state error formula

1 sR(s)
S T 11 G(s)

The following table shows the steady state errors and the error constants for standard input
signals like unit step, unit ramp & unit parabolic signals.

Input signal Steady state error eg; Error constant
unit step signal le,. Ky = lim ;5 G(s)
unit ramp signal Ii’,. K, = lim,_,y sG(s)
unit parabolic signal Isl; K, = lim,_,4 s2G(s)

Where, Kp, Kv and Ka are position error constant, velocity error constant and acceleration
error constant respectively.

Note - If any of the above input signals has the amplitude other than unity, then multiply
corresponding steady state error with that amplitude.
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Note - We can’t define the steady state error for the unit impulse signal because, it exists
only at origin. So, we can’t compare the impulse response with the unit impulse input
as t denotes infinity

Example

Let us find the steady state error for an input signal r(t) = (5 + 2t + %) u(t)

B[ s+d)

of unity negative feedback control system with G(s) = E(rD)(e120)

The given input signal is a combination of three signals step, ramp and parabaolic,
The following table shows the error constants and steady state error values for
these three signals.

Input signal Error constant Steady state error
™ {t] = 5”“] Kp = lim,_,p G{SJ — X Egsl — % =0
ra(t) = 2tu(t) K, = lim,_,p sG(5s) Essd — Ki, =0

=
=t K, =1 ’q =1=1
T [t] = Eu[t] g — UMz g & {5} Egsd — ka
=1

We will get the overall steady state error, by adding the above three steady state errors.

€55 = €s511€s52+€5s3

:655=0+0+1= 1$ess=o+o+1= 1

Therefore, we got the steady state error ess as 1 for this example.
Steady State Errors for Non-Unity Feedback Systems

Consider the following block diagram of closed loop control system, which is having non unity
negative feedback.
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R(=) 7 G(s) il |

H(s) [«

We can find the steady state errors only for the unity feedback systems. So, we have to
convert the non-unity feedback system into unity feedback system. For this, include one
unity positive feedback path and one unity negative feedback path in the above block
diagram. The new block diagram looks like as shown below.

C(s)
G(s) +——>

Simplify the above block diagram by keeping the unity negative feedback as it is. The
following is the simplified block diagram

R(s) + G(s) C(s)
"1+ GHG) — 63 r—>

CONTROL SYSTEMS

www.Jntufastupdates.com 64



MALLA REDDY COLLEGE OF ENGINEERING AND TECHNOLOGY

DEPT. OF EEE

This block diagram resembles the block diagram of the unity negative feedback closed loop

control system. Here, the single block is having the transfer function G(s) / [

1+G(s)H(s)-G(s)] instead of G(s).You can now calculate the steady state errors by using

steady state error formula given for the unity negative feedback systems.

Note - It is meaningless to find the steady state errors for unstable closed loop systems. So,

we have to calculate the steady state errors only for closed loop stable systems. This means

we need to check whether the control system is stable or not before finding the steady state

errors. In the next chapter, we will discuss the concepts-related stability.

The various types of controllers are used to improve the performance of control systems. In

this chapter, we will discuss the basic controllers such as the proportional, the derivative and

the integral controllers.

Proportional Controller

The proportional controller produces an output, which is proportional to error signal.

u(t) o< e(t)
= u(t) = Kpe(t)
Apply Laplace transform on both the sides -
Ul(s) = KpE(s)

Ul(s)
E(s)

Therefore, the transfer function of the proportional controller is KPKP.

Where,
U(s) is the Laplace transform of the actuating signal u(t)
E(s) is the Laplace transform of the error signal e(t)

Kp is the proportionality constant

The block diagram of the unity negative feedback closed loop control system along with the

proportional controller is shown in the following figure.
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E U
R(s) + (s) e (s) — .C(ﬂ

Derivative Controller
The derivative controller produces an output, which is derivative of the error signal.

de(t)
dt

ut) = Kp

Apply Laplace transform on both sides.

Therefore, the transfer function of the derivative controller is Kps.
Where, KD is the derivative constant.
The block diagram of the unity negative feedback closed loop control system along with the

derivative controller is shown in the following figure.

E U
R(s) + (s) e (s) — .C(i)

The derivative controller is used to make the unstable control system into a stable one.

Integral Controller

The integral controller produces an output, which is integral of the error signal.
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u(t) = Kr fe(t]dt

Apply Laplace transform on both the sides -

o) KB
UGs) _ Ki
E(s) s

. . K,
Therefore, the transfer function of the integral controller is TI

Where, KIKI is the integral constant.
The block diagram of the unity negative feedback closed loop control system along with the

integral controller is shown in the following figure.

E(s) U(s) C
i o7 K;/s »| G(s) o (2

The integral controller is used to decrease the steady state error.
Let us now discuss about the combination of basic controllers.

Proportional Derivative (PD) Controller
The proportional derivative controller produces an output, which is the combination of the

outputs of proportional and derivative controllers.

de(t)
dt

u[t] = KPEI[ﬂ + KD

Apply Laplace transform on both sides -

U(s) = (Kp + Kps)E(s)

Ul(s)
=K K
E(s) p+HRps
CONTROL SYSTEMS

www.Jntufastupdates.com 67



MALLA REDDY COLLEGE OF ENGINEERING AND TECHNOLOGY DEPT. OF EEE

Therefore, the transfer function of the proportional derivative controller is Kp+Kps.
The block diagram of the unity negative feedback closed loop control system along with the

proportional derivative controller is shown in the following figure.

R(s) +< E(s) U(s) C(s)
Kp + Kp Sl——»| G(S) @ >

The proportional derivative controller is used to improve the stability of control system

without affecting the steady state error.

Proportional Integral (Pl) Controller

The proportional integral controller produces an output, which is the combination of outputs

of the proportional and integral controllers.
u(t) = Kpe(t) + K;] e(t)dt

Apply Laplace transform on both sides -

U(s) = (Kp + %) E(s)
Uls) _ Ky
E(s) Kp+ -7

Therefore, the transfer function of proportional integral controller is Kp + %

The block diagram of the unity negative feedback closed loop control system along with the
proportional integral controller is shown in the following figure.
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R(s) +< E(s) %, | Y(s) C(s)
Kp+? —»| G(S) & >

The proportional integral controller is used to decrease the steady state error without
affecting the stability of the control system.
Proportional | ntegral Derivative (PID) Controller

The proportional integral derivative controller produces an output, which is the combination

of the outputs of proportional, integral and derivative controllers.

de(t)
dt

u(t) = Kpe(t) + K;f e(t)dt + Kp
Apply Laplace transform on both sides -

U{S] = (KP +% -I-KDS) E{S]

Therefore, the transfer function of the proportional integral derivative controller
is Kp+ % + Kps.

The block diagram of the unity negative feedback closed loop control system along with the
proportional integral derivative controller is shown in the following figure.

R(s) + E(s) U(s) C(s)
(s) Kp+'§—’+KDs » G(s) e— b
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